We investigate the abundance and properties (especially, grain size) of dust in galaxy halos using available observational data in the literature. There are two major sets of data. One is (i) the reddening curves at redshifts z ∼ 1 and 2 derived for Mg ii absorbers, which are assumed to trace the medium in galaxy halos. The other is (ii) the cosmic extinction up to z ∼ 2 mainly traced by distant background quasars. For (i), the observed reddening curves favor a grain radius of a ∼ 0.03 µm for silicate, while graphite is not supported because of its strong 2175 Å bump. Using amorphous carbon improves the fit to the reddening curves compared with graphite if the grain radius is a 0.03 µm. For (ii), the cosmic extinction requires η 10 −2 (η is the ratio of the halo dust mass to the stellar mass; the observationally suggested value is η ∼ 10
Introduction
The interstellar dust is known to occupy around 1% of the total mass of the interstellar medium (ISM) in the Milky Way, which means that around half of the metals 1 are in the solid (dust) phase (e.g. Evans, 1994; Jenkins, 2009) . Dust forms and evolves mainly in the ISM of galaxies through various processes (Asano et al., 2013) . Since a galaxy is not a closed system, the ISM interacts with the circum-galactic medium (CGM) and the intergalactic medium (IGM) through outflow driven by supernovae (SNe) and active galactic nuclei (AGNs) (e.g., Veilleux et al., 2005) , and through inflow driven by cooling and/or gravity (e.g., Kereš et al., 2005) . The outflow could also transport the interstellar dust to the CGM and IGM (Zu et al., 2011; McKinnon et al., 2016; Hou et al., 2017; Aoyama et al., 2018) . Radiation pressure from newly formed stars in a galaxy could also drive the interstellar dust outward, supplying the dust to the CGM and IGM (Ferrara et al., 1991; Bianchi and Ferrara, 2005; Bekki, 2015) . Therefore, the cosmic dust has a wide spatial distribution not limited to the ISM but extended over the cosmological volume (see also Aguirre, 1999) .
The dust content in galaxy halos (or the CGM; hereafter, we simply use words "galaxy halo" to indicate the circumgalactic environment up to a radius of ∼ 100-200 kpc) gives us a clue to the transport of dust from the ISM to the IGM, Email address: hirashita@asiaa.sinica.edu.tw (Hiroyuki Hirashita) 1 We refer to elements heavier than helium (such as C, N, O, etc.) as metals, following the convention in astronomy.
since galaxy halos are the interface between the ISM and the IGM. Ménard et al. (2010, hereafter M10) detected reddening 2 in galaxy halos using the cross-correlation between the galaxy position and the reddening of background quasi-stellar objects (QSOs) for a large sample of galaxies taken by the Sloan Digital Sky Survey (SDSS; York and et al. 2000) . The median redshift of their sample is z ∼ 0.3 (z denotes the redshift). They detected reddening up to a radius of several Mpc from the galaxy center. Peek et al. (2015) applied basically the same method to nearby galaxies (z ∼ 0.05), and found a similar radial profile of reddening to the one found in M10. Masaki and Yoshida (2012) confirmed the observationally suggested large extent of dust distribution in galaxy halos by comparing their analytic halo model with M10's data.
The existence of dust in galaxy halos is important in the following aspects. Dust contained in galaxy halos on a line of sight causes dust extinction on a cosmological distance scale. This could lead to a systematic reddening effect on distant QSOs and SNe. Dust in galaxy halos is also of fundamental importance in the total dust budget in galaxies and in the Universe, since M10 estimate that the dust mass in a galaxy halo is on average comparable to that in a galaxy disc. Moreover, as Kamaya (2003, 2004) argued, dust in the IGM could affect the thermal state of the IGM through photoelectric heating. They constrained the grain size and the dust-to-gas ratio in the IGM using the observed thermal history of the IGM, although those two quantities are degenerate in such a way that small grains require smaller abundance of dust. It is also important to note that dust extinction strongly depends on grain size (or grain size distribution) and dust-to-gas ratio Kamaya, 2004, 2010) . Thus, among dust grain properties, we focus on grain size and dust-to-gas ratio (or dust abundance) in this paper.
To clarify the dust properties in galaxy halos, it would be observationally convenient to target specific objects that represent the CGM. Ménard and Fukugita (2012, hereafter MF12) argued that Mg ii absorbers trace the gas in galaxy halos, based on the impact parameters. The estimated dust-to-gas ratio for Mg ii absorbers is also consistent with that expected for L * galaxies, which indicates that Mg ii absorbers are associated with ∼ L * galaxies (i.e., galaxies with the characteristic optical luminosity in the luminosity function) (Ménard and Chelouche, 2009) . Deep imaging observations also support this association (Steidel et al., 1997; Zibetti et al., 2007) . MF12 pointed out that, if Mg ii absorbers are associated with outflow originating from metal-enriched galaxies, their dust-to-gas ratios comparable to the Milky Way dust-to-gas ratio (∼ 1/100) can be naturally explained. Although we should keep in mind that the origin of Mg ii absorbers has still been debated, there are some observations that showed a link between Mg ii absorbers and outflows driven by stellar feedback (energy input from stars) (Bond et al., 2001; Tremonti et al., 2007; Bouché et al., 2007) . York et al. (2006) studied about 800 Mg ii absorbers at z ≃ 1.0-1.9. By comparing sub-samples with various absorption strength, they derived the extinction curves for those absorbers, finding that they are described well by the Small Magellanic Cloud (SMC) extinction curve. MF12 analyzed the reddening of background QSOs and derived reddening curves (reddening as a function of rest-frame wavelengths) for Mg ii absorbers at z ∼ 1 and 2. They found that the reddening curves are fitted well with the SMC extinction curve. For nearby (z ∼ 0.05) galaxies, Peek et al. (2015) derived a similar reddening curve to the one obtained above, except for the strong excess in the u-band (i.e., at the shortest among their sampled wavelengths). The strongly rising trend toward short wavelengths (λ 0.2 µm, where λ is the rest-frame wavelength) in the SMC extinction curve, which is consistent with the reddening curves of Mg ii absorbers, indicates the existence of grains with radii smaller than λ/(2π) ∼ 0.03 µm (Bohren and Huffman, 1983) . In other words, the reddening curves could be used to obtain the information on grain size in galaxy halos.
In this paper, we aim at putting a constraint on the dust grain size and the dust abundance in galaxy halos based on the currently available data in the literature. The obtained constraints on those quantities could be used to clarify the origin and evolution of dust in galaxy halos. Although our analysis is limited by the current uncertainty in the observational data, we make a first attempt to draw a useful conclusion about the grain size as we see later. We also discuss some theoretical predictions in the literature on the dust properties in galaxy halos, and comment on the limitation of the current knowledge on dust in galaxy halos.
The paper is organized as follows. We formulate the model of reddening curves and dust extinction in Section 2. We show the results and compare them with observational data in Section 3. We further discuss the model predictions in terms of theoretical predictions in the literature, and clarify the limitation of our knowledge on halo dust in Section 4. Finally we conclude in Section 5. Throughout this paper, we adopt H 0 = 70 km s
, Ω M = 0.3, and Ω Λ = 0.7 for the cosmological parameters.
Model
We construct a model that describes the reddening caused by dust in galaxy halos. We mainly treat the wavelength dependence of reddening, which we refer to as the reddening curve, and the extinction over the cosmic distance, which we refer to as the cosmic extinction. We formulate those quantities in what follows.
Reddening
The wavelength dependence of extinction can be used to constrain dust properties, especially grain size. Although it is difficult to measure the extinction in a single band, the color excess or reddening, which is a relative flux change at two wavelengths due to dust extinction, is rather easily derived. The reddening is defined as the difference in the extinctions at λ 1 and λ 2 (λ 1 > λ 2 ).
The currently available data for dust in galaxy halos are not precise enough to constrain the detailed grain size distribution. The functional form of the grain size distribution and the maximum and minimum of grain radius are degenerate (i.e., it is usually difficult to determine all those properties uniquely), especially when the reddening is given with a sparse sampling of wavelengths. Thus, we assume that all the dust grains have a single radius, a, for simplicity. This simple assumption is useful to obtain the typical radius of dust grains that dominate the opacity in galaxy halos. We additionally discuss the effect of grain size distribution in Section 4.2.
To evaluate the extinction, we need the mass extinction coefficient (the cross-section for extinction per dust mass), κ ext (λ) (Hildebrand, 1983) :
where Q ext (λ, a) is the extinction cross-section per geometric cross-section, and the grains are assumed to be spherical with grain radius a and material density s. We calculate Q ext using the Mie theory with grain properties in the literature (Section 2.3). The extinction at wavelength λ, A λ , is estimated as
where µ(= 1.4) is the gas mass per hydrogen, m H is the mass of hydrogen atom, N H is the column density of hydrogen nuclei, and D is the dust-to-gas ratio. , and the dust-to-gas ratio is 60-80 per cent of the Milky Way value if we use A V /N H for the indicator of dust-to-gas ratio. Assuming the typical dust-to-gas ratio of the Milky Way to be 0.01 (or slightly less) (e.g., Pei, 1992) , we adopt D ∼ 0.006 for Mg ii absorbers. Peek et al. (2015) derived a reddening curve for galaxy halos at z ∼ 0.05. Their reddening curve is similar to the one obtained by MF12, except for the strong excess of extinction in the u-band (i.e., at the shortest wavelength among their bands). As we see later, the column density, which is poorly known for galaxy halos, is also important. Because of the well estimated column density for Mg ii absorbers, we adopt the data in MF12.
Extinction over the cosmic distance (cosmic extinction)
Dust enrichment in galactic halos has not been fully understood yet. Thus, as a starting point, we simply scale the halo dust mass with the stellar mass in the galaxy. This may be a reasonable starting point because the dust is most probably supplied to the halo as a result of stellar feedback (MF12; Hou et al. 2017 ). Masaki and Yoshida (2012) also adopted this assumption in their model that reproduced a consistent dust distribution to M10's observation data. From that assumption, the dust mass in the halo, M d,halo can be expressed as
where M star is the stellar mass and η is the mass ratio of the dust in the halo to stars. Peek et al. (2015) showed, using a sample
The statistics of the stellar mass per comoving volume in the Universe is described by the stellar mass function (probability distribution function of galaxies with stellar mass M star ), Φ(M star ). We adopt the stellar mass function at z < 3 from Tomczak et al. (2014) . We estimate the comoving halo dust density, ρ d,halo , as
where the integration range for the stellar mass is the same (10 9 M ⊙ < M star < 10 13 M ⊙ ) as in Tomczak et al. (2014) , η is the average of η for the corresponding stellar mass range, and ρ star is the comoving stellar mass density (Appendix A). We adopt the following fitting for ρ star as a function of redshift z as (Tomczak et al., 2014) log
If we assume that the cosmic extinction up to redshift z at wavelength λ obs in the observer's frame (the optical depth of the cosmic extinction is denoted as τ d,cosmo (z, λ obs )) is dominated by the dust in galaxy halos, we can estimate the dust optical depth per comoving length as K ext = σ g n g τ d,halo (λ), where σ g is the mean geometrical cross-section of galaxy halo, n g is the comoving number density of galaxies, and τ d,halo (λ) is the mean extinction optical depth of galaxy halo as a function of rest-frame wavelength λ. At the same time, using the mass extinction coefficient, τ d,halo (λ) [λ is the rest-frame wavelength, which is related to λ obs as λ = λ obs /(1 + z)] is estimated as
where ρ d is the mean dust mass density in galaxy halos and l is the path length in a halo. Thus, we obtain
Since σ g l is the mean volume of galaxy halo, ρ d σ g l is reduced to the total dust mass per halo, denoted as M d,halo (Appendix A). After all, using equation (A.6), K ext is expressed as
Note that, since we are interested in cosmological-volume properties sampled by random lines of sight, only the mean quantities within a halo is relevant here. Possible clumpiness of dust distribution in halos does not affect our results. This is why the resulting opacity, K ext , depends only on the mean dust mass density, ρ d,halo . Finally, the extinction optical depth up to redshift z at wavelength λ obs in the observer's frame, τ d,cosmo (z, λ obs ), is estimated as (M10)
where c is the light speed, and H(z) is the Hubble parameter at z. For the flat Universe,
Choice of parameter values
The dust abundance in a galaxy halo is regulated by η (equation 4) in our model. Hereafter, we simply denote η as η for the brevity of notation. M10 show that the dust mass in a galaxy halo is on average ∼ 5 × 10 7 M ⊙ . They also argue that the effective stellar luminosity of their sample is 0.45L * . If we assume that the stellar mass of a galaxy with stellar luminosity L * is the characteristic mass of the stellar mass function (M * = 10 11.05 M ⊙ ) derived by Tomczak et al. (2014) , the mean stellar mass in M10's sample is estimated as ∼ 0.45M * = 5 × 10 10 M ⊙ . By taking the ratio of the typical dust mass in a halo to the typical stellar mass, we obtain η ∼ 10 −3 for M10's sample. Peek et al. (2015) derived a similar halo dust mass for sub-L * galaxies. Thus, we adopt η = 10 −3 as a fiducial value.
We consider silicate and graphite as representative grain materials that reproduce the extinction curves in nearby galaxies (Draine and Lee, 1984; Weingartner and Draine, 2001 ). In addition, we adopt amorphous carbon (Zubko et al., 1996) , which could be required to reproduce the extinction curves whose 2175 Å bump is not prominent (Nozawa et al., 2015; Hou et al., 2016 ). We adopt s = 3.5, 2.24 (Weingartner and Draine, 2001 ) and 1.81 g cm −3 (Zubko et al., 2004) for the material densities of silicate, graphite, and amorphous carbon, respectively. The extinction coefficient, Q ext (λ, a), in equation (1) is calculated using the Mie theory (Bohren and Huffman, 1983) for spherical grains with the optical properties available in the above references. Jones et al. (2013) adopted a different line of models for carbon dust species and also adopted compound (or coagulated) species. However, the present observational data for dust in galaxy halos are not rich enough to distinguish the detailed dust properties; thus, we simply examine the difference between graphite and amorphous carbon as two "representative" carbonaceous species.
Results
We compare our calculated results with observational data for the reddening curves and the cosmic extinction. Since there are large uncertainties in observational data, we do not attempt any sophisticated fitting procedure, but focus on presenting simple comparisons between our prediction and the observations. However, even with the currently available observational data, we are able to draw some interesting conclusions as we see in this section.
Reddening curve
The dust grain size is effectively constrained by the reddening curve. Following the assumption in MF12, we trace the reddening in galaxy halos by Mg ii absorbers (see also the Introduction). We use the reddening curve derived from the reddening analysis of background QSOs for Mg ii absorbers at z ∼ 1 and 2 by MF12. We adopt the SDSS u, g, r, and i band data, and do not use shorter Galaxy Evolution Explorer (GALEX; Martin et al. 2005 ) bands, where hydrogen, not dust, dominates the absorption (see fig. 4 in MF12) .
As mentioned in Section 2.1, we adopt N H = 10 (but fixing D = 0.006 because of the degeneracy between N H and D). The uncertainty given here is more conservative than that given in MF12.
In Fig. 1 , we show the reddening, A λ − A i , as a function of rest-frame wavelength λ for silicate. We examine three cases for the grain radius: a = 0.01, 0.03, and 0.1 µm. We find that the observed reddening curves are broadly reproduced with a = 0.03 µm. If the grain radius is as large as a = 0.1 µm, the calculated reddening curve is too flat (or |A λ − A i | is too small) to reproduce the data, which we confirmed to be true also for a > 0.1 µm. If the grain radius is as small as a = 0.01 µm, the calculated reddening is too small (especially at λ > 0.25 µm), simply because A λ is small in the relevant wavelength range (this is true also for a < 0.01 µm). Therefore, the grain radii in Mg ii absorbers (and probably in galaxy halos) are around 0.03 µm if the main composition is silicate. Silicate grains larger than 0.1 µm or smaller than 0.01 µm are not favored in explaining the reddening curve of Mg ii absorbers. Reddening curves for silicate with grain radii (a) a = 0.01 µm, (b) a = 0.03 µm, and (c) a = 0.1 µm at z = 1 and 2. The orange and light blue bars show the theoretically predicted ranges of A λ − A i in the SDSS u, g, and r bands (the rest-frame wavelengths are shown) at z = 1 and 2, respectively. The red dotted and blue dashed lines connect the upper and lower ranges corresponding to N H = 10 19 -10 20 cm −2 at z = 1 and 2, respectively. The red diamonds and blue squares with error bars show the observed reddening data for Mg ii absorbers at z = 1 and 2, respectively, taken from MF12. The error bars are expanded by a factor of 3 relative to those in MF12 for a conservative comparison. If the observational data overlap with the orange and light blue bars, the model is successful. For a = 0.01 µm, the reddening at λ > 0.25 µm is too small to be clearly seen.
In Fig. 2 , we show the reddening curves for graphite. We observe that, because of the prominent 2175 Å bump of small (a 0.03 µm) graphite grains, the observed reddening is difficult to reproduce with graphite. In particular, the strongly non-monotonic behavior along the wavelength is not supported by the observational data. This is why previous studies such as M10 and MF12 used the SMC extinction curve, which is bumpless, to interpret the extinctions in galaxy halos and Mg ii absorbers. For a = 0.1 µm, the calculated reddening curve is too flat as was also the case with silicate (this is also true for a > 0.1 µm). Therefore, graphite is not supported by the observed reddening curves.
Another carbonaceous species, amorphous carbon, does not have such a strong feature; thus, we expect that the observed reddening curves are better explained by amorphous carbon than by graphite. In Fig. 3 , we show the reddening curves calculated for amorphous carbon. Because of the weaker bump, as expected, amorphous carbon fits the observed reddening curves better than graphite for a = 0.01 and 0.03 µm. For a = 0.1 µm, the calculated reddening curve is too flat, as was also the case with graphite. Therefore, a carbonaceous material with a weak feature is marginally accepted by the observed reddening curves if the grain radius is a 0.03 µm.
Cosmic extinction
The second constraint on the dust properties is obtained from the cosmic extinction. For comparison with observational data, we adopt the upper and lower limits for the cosmic extinction at z < 2 compiled in M10. We refer to the appendix in M10 and the references therein for the summary of those data, and only briefly describe them in what follows. Avgoustidis et al. (2009) obtained a constraint on the dust opacity up to z ∼ 0.5 by combining the data of the baryon acoustic oscillation and Type Ia SNe. They obtained an upper limit of extinction at the visible wavelength as 0.08 mag. Mörtsell and Goobar (2003) analyzed QSO colors at 0.5 < z < 2, and put an upper limit of A V < 0.2 mag at z ≃ 1. Ménard et al. (2008) measured the reddening of Mg ii absorbers, which are interpreted as residing in halos of ∼ L * galaxies. Based on their statistical data, M10 estimated the contribution of Mg ii absorbers to the cosmic extinction, obtaining A V > 0.009, > 0.029, and > 0.044 mag at z = 0.6, 1.3 and 1.8, respectively. Those A V values are lower limits because they only count Mg ii absorbers. Strictly speaking, their extinction estimates assume that the SMC extinction curve is applicable, which may not be consistent with our adopted wavelength dependence of κ ν . We comment on this issue later in Section 4.1.
We calculate the cosmological extinction τ d,cosmo (z, λ obs ) (see Section 2.2). Precisely speaking, the observer's frame wavelength λ obs varies slightly among the observational constraints, but it is always around the V band. We simply represent λ obs by the V-band wavelength (0.55 µm) following M10. This particular choice of wavelength does not affect our discussions below. We present the extinction in units of magnitude by multiplying τ d,cosmo by 2.5 log e = 1.086.
First, we show the results for various η with a fixed radius a = 0.03 µm (this grain size is favored by the reddening curve as shown above) in Fig. 4 . In this case, the cosmic extinction is simply proportional to η. We observe that, for consistency with the observational constraints, η > 10 −2 is required for silicate, while the fiducial value η ∼ 10 −3 as suggested above is consistent with the observational constraints for graphite and amorphous carbon.
Next, we calculate the cosmological extinction for various grain radii with a fixed η = 10 −3 in Fig. 5 . As we already discussed above, the extinction of silicate is not large enough to satisfy the observational constraints with η = 10 −3
. We also find that the silicate extinction is sensitive to the grain radius: for a = 0.1 µm, η slightly larger than 10 −3 is consistent with the observational constraints. Thus, large grains with a ∼ 0.1 µm is favored by the cosmic extinction if the main dust composition is silicate and η ∼ 10 ), graphite and amorphous carbon predict cosmic extinctions consistent with the observational constraints unless the grain radius is 0.3 µm.
Discussion

Consistency between reddening and cosmic extinction
We have used two observational constraints: one is the reddening curves observed for Mg ii absorbers (assuming that Mg ii absorbers trace the medium in galaxy halos), and the other is the cosmic extinction. Below, we summarize the constraint on the grain radius obtained for each grain species in Section 3, and examine if we find grain radii that explain both of the above observational constraints.
For silicate, the reddening curves favor a ∼ 0.03 µm, while the cosmic extinction indicates that we need a halo dust abundance more than ∼ 10 times higher than suggested by observation (i.e., η 10 if a ∼ 0.1 µm. Such a large grain size predicts too small a reddening as shown in Fig. 1a . Therefore, if silicate is the main composition, a large amount of dust η > 10 −2 in galaxy halos is required (in other words, we do not find a consistent grain radius under η = 10
−3
). For graphite, the observed reddening curves are not reproduced well because of the prominent 2175 Å bump. In contrast, the cosmic extinction is consistent with the observational constrains in a broad range of grain radius with the fiducial value of η (= 10 −3
). Thus, we tried a carbonaceous material without a strong bump in the ultraviolet (UV); that is, amorphous carbon. For amorphous carbon, the reddening curves prefer a 0.03 µm, while the cosmic extinction favors a 0.1 µm under η = 10 . Thus, small grains with a 0.03 µm is acceptable for both the reddening curves and the cosmic extinction.
In summary, depending on the main dust composition, there are two lines of "solutions" for the consistency between the reddening curves and the cosmic extinction: if the main material is silicate, grains should have radii ∼ 0.03 µm but a higher dust abundance (η > 10 −2 ) in galaxy halos than suggested by the observations is required. If the main component of dust in galaxy halos is carbonaceous dust, it should not have a strong bump . Precisely speaking, the observational lower limits on the cosmic extinction in Figs. 4 and 5 have been derived using the SMC extinction curve. If large grains (a 0.1 µm), whose extinction curve is significantly flatter than the SMC curve, are the main component of dust in galaxy halos, more dust is necessary to reproduce the same amount of reddening. That is, the observational lower limits shown in Figs. 4 and 5 are raised if the grain size is large. Therefore, the discrepancy between our theoretical predictions for a 0.1 µm and the lower limits become larger in Fig. 5a . Such large grains are, however, not favored by the reddening constraints obtained in Section 3.1.
Effects of grain size distribution
In the above, we have simply assumed that all the grains have a single radius. This radius is interpreted as the typical radius of grains which dominate the extinction opacity. This approach is useful because constraining the grain size distribution only with sparse wavelength sampling of a reddening curve is a highly degenerate problem. It is expected that the above conclusion on the necessity of small (a 0.03 µm) grains in reproducing the reddening curve is robust even if we consider a grain size distribution.
Although the full grain size distribution is impossible to determine, it is worth examining the effect of grain size distribution on the conclusion. In particular, we focus on examining if small (a 0.03 µm) grains are required robustly. To concentrate on the existence of small grains, we fix the maximum grain radius, a max , and the functional form of the grain size distribution but move the minimum grain radius, a min :
where C is the normalizing constant (but as we show below, C is not important). This power-law form is appropriate for the Milky Way dust (Mathis et al., 1977, hereafter MRN) . Although there is no physical reason that this functional form is applicable to the IGM/CGM dust, we simply adopt this form to examine the effect of small grains (a min ). We adopt a max = 0.25 µm according to MRN, while we vary a min = 0.01, 0.03, and 0.1 µm.
We extend the formulation in Section 2.1 by considering the grain size distribution. The mass extinction coefficient is expressed instead of equation (1) as
Here the above normalization constant C cancels out. In Fig. 6 , we show the reddening curve for silicate with the above grain size distribution. Compared with Fig. 1 , the steepness of the reddening curve is moderate for a min = 0.01 and 0.03 µm because of the contamination of large grains. Nevertheless, the theoretical reddening curves are broadly consistent with the observations if a min ≤ 0.03 µm. As shown in Fig. 1 , silicate grains with a ∼ 0.01 µm have too small extinction, so the major contribution comes from grains with a ∼ 0.03 µm for even if a min = 0.01 µm. The reddening curves with a min = 0.1 µm is too flat to explain the observed curves. Therefore, we strengthen the conclusion that, if the main composition is silicate, small grains with a ∼ 0.03 µm is necessary to explain the observed reddening curves in Mg ii absorbers.
In Fig. 7 , we show the results for graphite. Because of the contamination of large grains, the bump feature is moderate compared with Fig. 2 ; however, the non-monotonic behavior affected by the bump still remains if a min 0.03 µm. If the minimum grain size is as large as ∼ 0.1 µm, the reddening curve is too flat to explain the observations. Therefore, graphite is still not favored even if we consider the effect of grain size distribution.
In Fig. 8 , we show the reddening curves for amorphous carbon. As expected, the strong bump is effectively eliminated. However, the calculated reddening curves are too flat to explain the observations even with a min = 0.01 µm because of the contamination of large grains. Therefore, if the major component of dust is amorphous carbon, it is required that most grains have a 0.03 µm.
The conclusions derived with a single grain radius are not altered as long as the reddening curve is concerned: if the main composition is silicate, small grains with a 0.03 µm are required (i.e., a min 0.03 µm). If the main composition is carbonaceous dust, the grain size distribution should be biased to small sizes (a 0.03 µm).
In Fig. 9 , we also plot the cosmic extinction with the effect of grain size distribution. We adopt η = 10 . Compared with Fig. 5 , the variation of cosmic extinction among various a min is smaller. For silicate with a min = 0.03 µm, which produces a consistent reddening curve with observations (Fig.  6) , the theoretical cosmic extinction is 3 times smaller than the observational lower limits. This discrepancy (3 times) is smaller than the discrepancy seen in the single-size case with a = 0.03 µm (10 times; Fig. 5a ). This means that, if we take the grain size distribution into account, we find a solution that explains both the reddening curves and the cosmic extinction with η 3 × 10 −3
. For graphite and amorphous carbon, the calculated cosmic extinction is consistent with the observational constraints.
In summary, the conclusions under the single-radius treatment above do not change significantly even if we consider the grain size distribution: (i) For silicate, inclusion of small a min 0.03 µm is favored, and a larger dust abundance (η 3 × 10 −3 ) than suggested by observations is required. (ii) For carbonaceous dust (amorphous carbon), small grains with a ∼ 0.03 µm should be dominant.
Comparison with other theoretical studies
Recently, there have been some cosmological simulations and semi-analytic models that calculate dust formation in galaxies and subsequent dust transport into galaxy halos or intergalactic space (McKinnon et al., 2016 (McKinnon et al., , 2017 Popping et al., 2017) . McKinnon et al. (2016) showed that the radial profile of dust surface density in the galaxy halo can be roughly consistent with M10's observational data, depending on the stellar feedback model adopted (see also Aoyama et al., 2018) . Popping et al. (2017) , using their semi-analytic model, showed that the galaxy halo component contains a comparable amount of dust to the ISM component. Zu et al. (2011) used a cosmological hydrodynamics simulation and reproduced the radial distribution of dust in galaxy halos by assuming that dust traces the metals. They also showed the dust abundance in galaxy halos is sensitive to the stellar feedback model. Therefore, it is still a challenge for theoretical models to reproduce such a large dust abundance in galaxy halos as observed by M10.
Hydrodynamic simulations with dust enrichment by Aoyama et al. (2017 Aoyama et al. ( , 2018 and Hou et al. (2017) treat information on grain size distribution represented by the abundance of large and small grains. Hou et al. (2017) and Aoyama et al. (2018) show that the grains in galaxy halos are biased to large (a > 0.03 µm) grains. In contrast, as shown above, the reddening curves of Mg ii absorbers at z ∼ 1 and 2 indicate the dominance of small (a 0.03 µm) grains. Thus, there is a tension in the grain size between the above simulations and the observed reddening curves. However, the above two simulations did not include dust transport by radiation pressure, which could be important as a mechanism of outflow (Murray et al., 2011) . Ferrara et al. (1991) and Bianchi and Ferrara (2005) show that grains with a ∼ 0.03-0.3 µm can be dynamically decoupled from gas and transported to the galaxy halo, but that the radiation pressure has no reason of preferentially transporting grains with a 0.03 µm.
It may be possible that small grains are produced in situ in Mg ii absorbers. Some authors argue that Mg ii absorbers are associated with outflow induced by active star formation (Norman et al., 1996; Bond et al., 2001 ). Because of a high velocity of outflow, shock or high-velocity turbulence could be induced in the wind. Both shock (Jones et al., 1996) and turbulence (Yan et al., 2004; Hirashita and Yan, 2009 ) are considered as mechanisms of inducing grain shattering. Therefore, grains may be shattered in the outflows. It is suggested that Mg ii absorbers has a spatial scale as small as 30 pc (Lan and Fukugita, 2017) . Since the above simulations are not capable of resolving such a small-scale structure, shattering in outflowing gas was not successfully treated. In the future, it may be desirable to investigate the possibility of shattering in outflows using a highresolution simulations that are capable of resolving the internal structures in the outflowing gas.
Conclusion
We investigate the abundance and properties of the dust in galaxy halos using available observations in the literature. There are two major sets of data: reddening curves and cosmic extinction. The reddening curves are derived by assuming that Mg ii absorbers trace the medium in galaxy halos. From the reddening curves, we show that the typical grain radius is a ∼ 0.03 µm for silicate. Graphite is not consistent with the observed reddening curve because of its strong 2175 Å bump. Using amorphous carbon improves the fit to the reddening. For amorphous carbon, a 0.03 µm is supported by the reddening curves.
The observational constraints on the cosmic extinction suggest that the grain radius be a 0.1 µm for carbonaceous dust if the halo dust abundance relative to the stellar mass is η = 10 , the cosmic extinction is significantly underestimated and only a ∼ 0.1 µm is marginally consistent with the observational lower limits. In other words, silicate favors a higher dust abundance in galaxy halos such as η 10
if we adopt a ∼ 0.03 µm suggested by the reddening curves. The constraint on η becomes milder (η 3 × 10 −3
) if we take a grain size distribution into account, but the value of η is still larger than the fiducial value. Thus, if the main dust composition in galaxy halos is silicate, there is a tension in the grain size between the constraint from the reddening and that from the cosmic extinction. For carbonaceous dust (amorphous carbon), those two constraints indicate a 0.03 µm. The requirement of small grains with a 0.03 µm is robustly concluded even if we consider grain size distribution.
The favored grain radii (a 0.03 µm) in galaxy halos are not in line with numerical simulations by Hou et al. (2017) and Aoyama et al. (2018) . In their scenario, the halo dust is dominated by large (a > 0.03 µm) grains originating from stars because the dust tends to be ejected by stellar feedback before being significantly processed in the ISM by shattering and accretion. Although the above simulations do not include the effect of radiation pressure, there is no physical reason that small grains are selectively transported by radiation pressure. We point out a possibility of shattering in the outflow driven by stellar feedback, but a high resolution simulation is necessary to examine whether or not this happens. Now we define the averaged halo dust-to-stellar mass ratio, η as 
